We present a unifying approach to deformations of an associative algebra A that allows to derive known formulas of Moyal-Vey 1949 and Coll-Gerstenhaber-Giaquinto 1989 from a more general point of view. Such universal deformation formulas correspond to special deformations of the comultiplication of a bialgebra.
Introduction
Let K be a ring containing the eld Q of rational numbers, K 0 = K [[h] ] be the algebra of formal series on h and (A; A ) a K -algebra. This algebra structure extends in a natural way b y K 0 -linearity to the algebra A 0 := A[[h]] of power series in h with coecients in A that we will denote by some abuse of notation also by A . The aim of this paper is to study deformations of this structure. For h to be associative in rst order on h, ' 1 must fulll the property ' 1 (a 1 a 2 ; a 3 ) + ' 1 ( a 1 ; a 2 ) a 3 = ' 1 ( a 1 ; a 2 a 3 ) + a 1 ' 1 ( a 2 ; a 3 )
for a 1 ; a 2 ; a 3 2A , i.e. has to be a 2-cocycle in the Hochschild complex of A. Such a 2-cocycle ' 1 is called an innitesimal of the deformation. We restrict ourselves to the case when the 2-cochains ' k have the form ' k = A P k ; where P k : A A ! A A are K linear maps. Given a 2-cocycle S := P 1 we try to dene P k for k 2 so that h is associative.
In practical applications such a 2-cocycle often appears as the product of 1-cocycles S = D E, where D;E are elements of a certain Lie algebra G acting by derivations on A.
There are two famous results that describe prolongations of such 2-cocycles to associative multiplications on A h :
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Theorem 1 (Moyal -Vey, [7] , [3] ) If the Abelian Lie algebra G acts on a K-algebra A by derivations, then for any element S 2 G G the composition A S is a 2-cocycle and the multiplication h = A e hS is associative. turns out, that in this case on the deformed bialgebra there is a h-independent K-bialgebra structure that already exists in the rst order deformation. These investigations were stimulated by several discussions of the second author with R.-O. Buchweitz during a one month stay at the University o f T oronto in december 1992 and elaborated further during several visits to the University of Leipzig.
Some of the ideas were considered in the articles [9] , [10] . For b 2 B we use the Sweedler notation (b) = P b 1 b 2 and 1 (b) = 2 (b) = P b 1 b 2 b 3 if we need to exploit their special structure as elements of B B resp. B B B. For a K-coalgebra C there is a notion of cohomology groups H n (K;C) as explained e.g. in [6] . They are the homologies of the complex 0 ! C ! : : : !C k !: : : where for S 2 C k the coboundary formula is dened as
Especially, a 1-cocycle X 2 C fullls the condition (X) = X 1 + X 2 . F or a 2-cocycle S 2 C K C we get 2 
Definition 2 : A homomorphism : B ! End K (A) of K-algebras, that satises the compatibility condition (1) between A and B is called a n admissible action of the bialgebra (B; B ; B ) on the K-algebra A.
For the sake of simplicity w e often will omit the symbol of the action . Then, for example, This denition generalizes to bialgebras the concept of actions of universal enveloping algebras induced by Lie algebra of derivations. Indeed, given an algebra A and a Lie algebra G acting on A, the universal enveloping algebra B = U(G) has a natural bialgebra structure with comultiplication dened by (X) = X 1 + 1 X for X 2 G : Then the action of B on A is admissible i for X 2 G and a 1 ; a 2 2A X ( a 1 a 2 ) = A ( ( X 1 + 1 X )(a 1 a 2 )) = (Xa 1 )a 2 +a 1 (Xa 2 ); i.e. X is a derivation of A.
Note that an action of a bialgebra B on a K-algebra A is dened by the action of the generators of B on the generators of A. This may be extended to an admissible action of the enveloping algebra A e := A K A op on A, where the comultiplication is given by the rule (x y) = ( x 1) (1 y). If A e = End K (A), e.g. for a matrix algebra M n (K), this construction allows to introduce an admissible bialgebra structure on the whole algebra of endomorphisms End K (A). If moreover C is a subalgebra of End(khV i) a n d a k -algebra homomorphism the natural action of the bialgebra (C; C ; ) on khV i is admissible.
3 Deformations of algebras with an admissible bialgebra action
The main idea of this section is the observation that for both formulae considered in the introduction the deformed multiplication has the form h = A P for a certain element
So let B be a bialgebra with an admissible action on A as in the last section. As above the bialgebra structure extends to B 0 = B[ Let's consider the condition that must be fullled by an element P = 1 + P 1 i =1 h i P i 2 B 0 K 0 B 0 = ( B K B ) [[h] ] for h = A P to be associative. 0 = h ( h;12 h;23 ) = P ( 12 P 12 23 P 23 ) Since B acts admissible we get P 12 = 12 1 (P); P 23 = 23 2 (P) and altogether 0 = 12 ( 1 (P)P 12 2 (P)P 23 ) Hence 1 (P)P 12 2 (P)P 23 = 0
is a sucient condition for P to make h associative for any admissible B-action on A.
This yields already a proof of the following generalization of the Moyal-Vey formula. . . .
may be written in the following form
Then the 2-cochain S = E 1 D 2 = P n i=1 E i D i is a cocycle and the power series P = e hS satises the equation (2).
If B acts admissible on an algebra A this yields an explicit formula for a deformation of A that doesn't t into the frame of theorem 1.
The solution P = e hS of (2) described in theorem 3 is expressed as an exponential function. Since f(x; h) = e hx is the solution of the dierential equation @f @h = xf with initial condition f(x; 0) = 1 the expression
] also may play a crucial role for other applications. Note that the power series P is uniquely dened by S h but their connection may be more dicult to describe than in theorem 3. Since S h j h=0 = P 1 coincides with the element S 2 B B dened in the introduction, S h is a deformation of S (in a sense to be specied).
Under certain additional assumptions the condition (2) may be reformulated as a condition on S h . F or example, if S = S h does not depend on h we get P = exp(hS) and (2) may be reformulated as e h 1 In particular
Proof: These formulas may be proved immediately by straightforward computations. 1. But the left and right bracket terms are equal by (2) and its inverse whereas the middle bracket terms are the same by the coassociativity o f B .
3. We h a v e only to prove that condition (1) is fullled, i.e.
But this follows immediately from (1) for B.
4. From (2) and the denition of h we obtain P 12 h;1 (P) P 23 h;2 (P) = 0 :
Since @ @h P =P S h the derivative of (2) yields 1 (P S h ) P 12 + 1 ( P ) P 12 S h;12 = 2 ( PS h ) P 23 + 2 ( P ) P 23 S h;23 :
Note that further 1 (P S h ) P 12 = 1 ( P ) 1 (S h )P 12 = 1 ( P ) P 12 h;1 (S h ) and also 2 (P S h ) P 23 = 2 ( P ) P 23 h;2 (S h ):
Altogether we obtain 1 (P)P 12 h (S) = 0 : Hence h (S) = 0 since the rst cofactor is invertible. 2
This theorem shows that our approach to algebra deformations through admissible bialgebra actions is a very natural one. It does not only allow to formulate a condition on P that implies the associativity o f h = A P but also yields a deformation of the coalgebra structure on B in such a w a y that the deformation process may be iterated.
Its this point where we leave the original setting of (universal enveloping algebras of) Lie algebras acting by derivations, since the deformed comultiplication rule is usually more dicult.
Let's explain these changes on Gerstenhaber's example. For P = ( 1 + hE 1 This K-algebra will be considered in the next section. 6 Another derivation of Gerstenhaber's formula From the above considerations we can extract the conditions on D;L that are necessary for Gerstenhaber's formula to be fullled. This way w e get the following generalization: Theorem 7 LetB be a K 0 -bialgebra and L; D 2B such that L 1 exists and the following relations are fullled
Then the power series
Note that D and L may depend (almost) arbitrarily on h. Proof: For our P eq. (2) has the form the left hand side of (5) may be written as
2 : Comparing this with the right hand side of (5) 
First order deformations
In this section let K 0 = K[h]=(h 2 ), B 0 = B K K 0 , and P = 1 1 + hS for S 2 B 0 K 0 B 0 :
Our considerations so far may be transferred to this setting to obtain a theory of rst order deformations. This linearizes all problems and, e.g., eq. (2) is equivalent to the condition (S) = 0 : Thus there is a one-to-one correspondence between 2-cocycles of the coalgebra B and solutions P of (2 has the K bialgebra structure considered in theorem 7. Thus we derived Gerstenhaber's formula already at the rst order deformation step.
